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One Application Of Wallis Theorem' 


Theorem 1. (Wallis, 1616-1703) 


IE UU yde = I Tr ydy = 2-4..Qn) 
1.3..Qn41) 
Proof. Using integration by parts, we obtain 


i= Tan 2l ydy = fin” xsin xdx = 
0 


z!2 


from where , — 2n 
+2n [sin ! x(1- sin? Steg LN rn "SE 
by multiplication we obtain the statement. We prove in the same 
way for cos x. E 
2a tn 1.3... 2n- 1)x 
Theorem 2. if sin ^" xdx = f cos xdx = 13e Q@a-1)z. 


2.4.. (2n) -2 
Proof. Same as the first theorem. 


Theorem3.If — ;(4)- 2: a,,x^', then 
e 1.3....(2k - 1) 
d f Gin x)ax = j f (cos ik. 4t 5 ey as, ae Qk) 3 
Proof. Inthe f G )= » a,,x! eee, we substitute x by sin x 
and then integrate from 0 to 7/2, and we use the second theorem 
Theorem 4. If g (x)= = a,, x^, then 
ia - 2.4... (2k) 
fg Gin x)dx = IES kem #2 sg OE eT), 
Theorem 5. If A(x)= Y a,x! . then 


L3... - 1) 2.4....(2k) 
1 cs CN T Msika- 3^ d 75 734. 0k) tala Dei] ) 
E Application 1. . 1 
J sin. Ga x dx = f sin (cos x Jax SI CU 


— cos x -sin 2nx|;^ 





I 
1737. Qk +1 
Proof. Weusethat sin x = 3 C1 Z—— 
Application 2. Gi B D A 
Ko cos (sin x = "Boos (cos x) TY Aux 
Proof. We use that 9 *= 2, Ci GRUT 
Application 3. R 
fsh (sin x dx = ae (cos ne E Gray 
Proof. We use that * "Lg (Gru) cp 


Together, with Mihály Benczc. RN 
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Application 4." f ch (sin x dx = Ja (cos x )dx 





Tox 1 
7 22 4* (kt. 
Proof. We usc that ch x= Yen E 
Application 5. 3 (24) ! 
=, | x 
LE kè 6 


1.3... (2k - 1c 
Proof. In the arcsin x = x + x 


(24. (2k K2K +1) expres- 
sion we substitute x by sin x, and use theorem 4. It results that, 


1 1 = 
/8 = ————. Because V 1/;k? PE 1/k? 
X. Ck «1y 3 => Que D 
weget $ ijk?=zl6. 
k=l 


22 ‘Application6. |, 


J sinx ctg(sinx)dx- J cosx ctg(cosx)dx = Z =-> 
2 > = ay 
where B, is the k-th Bernoulli type number (see[1]). 
Proof. We use that = Lu 
"nu xig x-l- > T——Xx 
Application 7. : ! 


if arctg (sin x)dx = [ arctg (cos x)dx = - 
Du Cay 2.4... Qk) 
ʻi A LES m (2k -1X2k +1 ` 


Proof. We use that arctg x= Ycy X . 
Application 8. io 2k 


24.... 1 
"{ argrsinx\dr= ‘ferwiHcosshr= HI bea ER s )(2k+1F © 
i Proof. We use that 


x 2k+1 


x 
Application? argth x=) — 





2k ' 
“faresdsinx)ce= 1 argsHcosx)dx= Siu ay j 
0 
Proof. We use that 13... x - 1)" 
=\S(-fo 
eek 3 Eve (2X 2k+1) 
pplication 10. 
227 (4: -1 A 
“feel sinx)dx = fel cosx)dx = See . 
" Proof. We use that a 2 (4! 1)5 
t = 24 -1)B, 2k-Y . 
scc Gr 
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Application 11. 
^U sin x * eos x z z (2 -1)B, 
A a , 
J sin (sin x) n sy sin (cos x) i. r} 2°% ay 
Proof. We use that z ( List. ) - 
SE guy X UB, o 
sin x —, (2k)! 
Application 12. 
7? sin x ^6 cos x =, (2741 _] 
———— LEES £ 
J sh(sin x) 08 = sh(cos a 2e 2% (kty 


x Royce 
—=1+2) (-1 
Proof. We use that "mw * 2.1 y (2k) ! 


Application 13. 
jw (sin x)dx = = je (cos x dx = fà PE zx 


hue E, is the k-th Euler type number eei D. 


Proof. We use that =1 
sec x=1+ > ey D 


Application | 14. 


y f sech(sinx}dx = [sesieosdae-2 = +23 (- (-1Y a = (ey 


Proof. We use that E 


sech EDITI 
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